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ABSTRACT

We prove an elementary result concerning the relationship between the
multiplicative groups of the coordinate and endomorphism rings of the
formal additive group over a field of characteristic p > 0. Both state-
ment and proof of the main result involve the combinatorics of base p
representations of positive integers in a striking way.

1. Introduction

Our main result (Theorem 1.2 below) concerns the relationship between the
multiplicative groups of the coordinate and endomorphism rings of the formal
additive group over a field of characteristic p > 0. Our result is elementary and
does not require a great deal of apparatus for its statement. Both statement
and proof of the main result involve the combinatorics of base p representations
of positive integers in a striking way.

1.1. STATEMENT OF THE MAIN RESULT.

1.1.1. Rings and groups of power series. Fix a prime number p and a field K
of characteristic p. Let ¢ be a power of p. Consider: the (commutative) power

K] = { S
1=0

the (in general, noncommutative) ring

Rq,}( = {iaini

=0

series ring

aiGK};

aiEK},
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in which, by definition, multiplication is power series composition; and the sub-
group

oo .

T,k = {X +) a X7

i=1

aieK}cR;K,

where, in general, A* denotes the group of units of a ring A with unit. Note
that K[[X]]* is a right 'y g-module via composition of power series.

1.1.2. Logarithmic differentiation. Given F = F(X) € K[[X]]*, put
D[F|(X) = XF/(X)/F(X) € XK[[X]].
Note that
(1) D[F(aX)] = D[F|(aX)
for all @« € K*. Note that the sequence
1 — K[[XP]* c K[[X]]*
(2) D, {Z 0 X' € XK[[X])|ayi = a® for all i € N} 0
i€N
is exact, where N denotes the set of positive integers.

1.1.8. g-critical integers. Given ¢ € N, let
Oy(c) = {n € N|(n,p) =1 and n = p’cmod ¢ — 1 for some i € NU {0}}.

Given n € N, let ord, n denote the exact order with which p divides n. We
define

c+1 n+1 }

- {eenn@alen—1m S AL
ce ( q) (C p) an pordp(chl) nEOqI?CI)%(O,Q)pOYdP(nJrl)

q
and we call elements of this set, g-critical integers. In the simplest case p = ¢
one has C’g ={1,...,p — 1}, but, in general, the set C’g is more complicated.
Put
Cy= (JA{d'(c+1)—1li e NU{0}}.
ceC?

Note that the union is disjoint, since the sets in the union are contained in
different congruence classes modulo ¢ — 1. See below for informal “digital”
descriptions of the sets Cg and Cj.
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1.1.4. The homomorphism 4. We define a homomorphism
e XK[[X]] — X?K[[X]]

as follows. Given F = F(X) =Y, ya; X' € XK[[X]], put

€N

GglFl =X > apX*.

keC,

Note that the composite map

by o D: K[[X])* — { G

keC,

akGK}

is surjective by exactness of sequence (2). Further, since the set {k+ 1|k € Cy}
is stable under multiplication by g, the target of 1, o D comes equipped with
the structure of left Ry x-module. More precisely, the target of ¢, o D is a free
left Ry x-module for which the set {X**1[k € C0} is a basis.

The following is the main result of the paper.

THEOREM 1.2: The formula

(3) g[D[F 0 7]l = 47" 0 4y[D[F]]
holds for all v € Ty k and F € K[[X]]*.

In §82—4 we give the proof of the theorem. More precisely, we first explain in
§2 how to reduce the proof of the theorem to a couple of essentially combinatorial
assertions (Theorems 2.2 and 2.3 below), and then we prove the latter in §3 and
84, respectively.

1.3. INFORMAL DISCUSSION.

1.3.1. “Digital” description of CJ. The definition of C can readily be under-
stood in terms of simple operations on digit strings. For example, to verify that
39 is 1024-critical, begin by writing out the base 2 representation of 39 thus:

39 = 100111,

Then put enough place-holding 0’s on the left so as to represent 39 by a digit
string of length ords 1024 = 10:

39 = 00001001115
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Then calculate as follows:

strike trailing 1’s and leading 0’s

permute cyclically 00001001115 1002
00010011105 ignore: terminates with a 0
00100111005 ignore: terminates with a 0
l 01001110002 ignore: terminates with a 0
10011100005 ignore: terminates with a 0
00111000012 strike trailing 1’s and leading O’s 11100002
01110000105 ignore: terminates with a 0
11100001005 ignore: terminates with a 0
l 11000010014 strike trailing 1’s and leading 0’s 1100001005
10000100112 strike trailing 1’s and leading 0’s 100001002

Finally, conclude that 39 is 1024-critical because the first entry of the last column
is the smallest in that column. This numerical example conveys some of the
flavor of the combinatorial considerations coming up in the proof of Theorem 1.2.

1.3.2. “Digital” description of Cy. Given c € Cg, let [c1,...,cm]p be a string
of digits representing ¢ in base p. (The digit string notation is defined below
in §2.) Then each digit string of the form

[Cla"-acmapfla"-apfl]p
—_——
nordy q

represents an element of C;. Moreover, each element of C; arises this way, for
unique ¢ € CY and n € NU{0}.

1.3.8. Miscellaneous remarks.

(i) Theorem 1.2 will be applied in a joint work with D. Thakur on Thara power
series for Fy[t]. The theorem will be used to extract arithmetical information
from the Coleman-type power series which arise as values of the Thara-type
cocycle which we construct.

(ii) The set Cy is a subset of the set of magic numbers (relative to ¢) as
defined and studied in [Goss, §8.22, p. 309]. For now we only understand this
connection “numerologically” but we suspect that it goes much deeper. See
[Thak] for further material on digit phenomena in function field arithmetic.

(i) A well-ordering of the set of positive integers distinct from the usual
one, which we call the p-digital well-ordering, plays a key role in the proof
of Theorem 1.2, via Theorems 2.2 and 2.3 below. In particular, Theorem 2.3,
via Proposition 2.4, characterizes the sets C’g and Cy in terms of the p-digital
well-ordering and congruences modulo ¢ — 1.
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(iv) The results of this paper were discovered by extensive computer experi-
mentation with base p expansions and binomial coefficients modulo p. No doubt
refinements of our results can be discovered by continuing such experiments.

(v) Tt is an open problem to find a minimal set of generators for K[[X]]* as a
topological right I'; g-module, the topologies here being the X-adically induced
ones. It seems very likely that the module is always infinitely generated, even
when K is a finite field. Computer experimentation (based on the method of
proof of Proposition 2.5 below) with the simplest case of the problem (in which
K is the two-element field and p = ¢ = 2) has revealed some interesting patterns.
But still we are unable to hazard any detailed guess about the solution.

2. Reduction of the proof

In this section we explain how to reduce the proof of Theorem 1.2 to a couple
of combinatorial assertions.

2.1. DIGITAL APPARATUS.

2.1.1. Base p expansions. Given an additive decomposition
S
n= Znips_l (n; € ZN10,p),n € N),
i=1

we write

n=[ny,...,Nsp,

we call the latter a base p expansion of n and we call the coeflicients n; digits.
Note that we allow base p expansions to have leading 0’s. We say that a base p
expansion is minimal if the first digit is positive. For convenience, we set the
empty base p expansion [], equal to 0 and declare it to be minimal. We always
read base p expansions left-to-right, as though they were words spelled in the
alphabet {0,...,p—1}. In this notation the well-known theorem of Lucas takes

[a1,...,an]p ay an,
= dp.
<[bl,...,bn]p by b, ) MO
(For alln e NU{0} and k € Z we set (}) = ;-2 if 0 < k< nand (}) =0

n
kl(n—k)!
otherwise.) Lucas’ theorem implies that for all integers k, ¢, m > 0 such that

the form

m = k + ¢, the binomial coefficient (7:) does not vanish modulo p if and only if
the addition of k£ and ¢ in base p requires no “carrying”.
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2.1.2. The p-core function k,. Given n € N, we define
ordp n
np(n) _ (n/pordpn + 1)/pordp(n/p +1) 1.

We call k,(n) the p-core of n. For example, k,(n) = 0 iff n = p*~(p® — 1) for
some k,¢ € N. The meaning of the p-core function is easiest to grasp in terms
of minimal base p expansions. One calculates k,(n) by discarding trailing 0’s
and then discarding trailing (p — 1)’s. For example, to calculate the 3-core of
963 = [1,0,2,2,2,0,0]s, first discard trailing 0’s to get [1,0,2,2,2]3 = 107, and
then discard trailing 2’s to get k3(963) = [1,0]5 = 3.

2.1.3. The p-defect function §,. For each n € N, let d,(n) be the length of the
minimal base p representation of x,(n). We call d,(n) the p-defect of n. For
example, since as noted above k3(963) = [1, 0], one has d3(963) = 2.

2.1.4. The p-digital well-ordering. We equip the set of positive integers with
a well-ordering <, by declaring m <, n if

kp(m) < rip(n)

or
Iip(m) = lip(n) and m/pordp m < n/pordp n

or

ord, m ord, n

=n/p and m < n.

kp(m) = kp(n) and m/p
In other words, to verify m <, n, first compare p-cores of m and n, then in case
of a tie compare the numbers of (p — 1)’s trailing the p-core, and then in case of
yet another tie compare the numbers of trailing 0’s. We call <, the p-digital
well-ordering. In the obvious way we derive order relations <,, >, and >,

from <,. We remark that

dp(m) < dp(n) =m<p,n, m<,n=8,(m)<d,(n);
in other words, the function J,, gives a reasonable if rough approximation to the
p-digital well-ordering.

2.1.5. The function u,. Given ¢ € N, let u4(c) be the unique element of the
set
{n € Njn = p’‘cmod ¢ — 1 for some i € NU {0}}

minimal with respect to the p-digital well-ordering. Note that p,(c) cannot
be divisible by p. Consequently f4(c) may also be characterized as the unique
element of the set O4(c) minimal with respect to the p-digital well-ordering.
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2.1.6. p-admissibility. We say that a quadruple (4, k, £, m) EN* is p-admissible
if
0 k—1
(m,p)=1, m=k+j(p"—1) and ) % 0 mod p.
J
This is the key technical definition of the paper. Let A, denote the set of
p-admissible quadruples.
THEOREM 2.2: For all (j,k,¢,m) € Ay, one has (i) k <, m, and moreover (ii) if
kp(k) = kp(m), then j = (pd»* —1)/(p* — 1).
We will prove this result in §3. Note that the conclusion of part (ii) of the
theorem implies ord, & > 0 and ¢|ord,, k.

THEOREM 2.3: One has

(4) max pig(c) < ¢,
{(1q(c) +1)¢" —1]i e NU{0},c € N}

(5)

= (e Nl (e.p) = Lyle) = min_r,(m).

We will prove this result in §4. We have phrased the result in a way empha-
sizing the p-digital well-ordering. But perhaps it is not clear what the theorem
means in the context of Theorem 1.2. The next result provides an explanation.

PROPOSITION 2.4: Theorem 2.3 granted, one has

(6) Cq = {nq(c)lc € N},

(7) Cq ={ceN[(c,p) =1,kp(c) = Kp(pq(c))}.
Proof: The definition of C’g can be rewritten

Cg ={ceNN(0,q9)(c,p) =1,kp(c) = neojn(ci)rrlw(o,q) kp(n)}.

Therefore relation (4) implies containment D in (6) and moreover, supposing
failure of equality in (6), there exist ¢, ¢’ € C’g such that
c=pgle) £, Kple) = kp(d).

But ¢/ = ¢'(c+1) — 1 for some i € N, by (5), hence ¢’ > ¢, and hence ¢’ ¢ C’g.
This contradiction establishes equality in (6) and, in turn, containment C in
(7). Finally, (5) and (6) imply equality in (7). |

The following is the promised reduction of the proof of Theorem 1.2.
PROPOSITION 2.5: If Theorems 2.2 and 2.3 hold, then Theorem 1.2 holds, too.

Before turning to the proof, we pause to discuss the groups in play.
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2.6. GENERATORS FOR K[[X]]*, D[K[[X]]*] AND I'y k. Equip K[[X]]* with
the topology for which the family {1+ X" K[[X]]|n € N} is a neighborhood base
at the origin. Then the set

{1+aX*lae KX,k e NJUK*

generates K[[X]]* as a topological group. Let F, be the residue field of Z,.
Let E, = E,(X) € Fp[[X]] be the reduction modulo p of the Artin-Hasse

exponential
[e%e] Xpi
(Y2
i—o P

) e @nz,)(lL
noting that
D[E,] =) X7
=0
Since E,(X) =1+ X + O(X?), the set
{Ep(aX®)|a € KX,k €N, (k,p) = 1} U K[[X?]]*

generates K[[X]]* as a topological group. For each k € N such that (k,p) =1
and o € K*, put

Wia = Wio(X) = k7 'D[E,(aX*)] = Z o X' e XK[[X]].
i=0
Equip D[K[[X]]*] with the relative X-adic topology. The set
{Wk,a|k €N, (kap) =lae KX}

generates D[K[[X]]*] as a topological group, cf. exact sequence (2). Equip I’y x
with the relative X-adic topology. Note that

0o Gy

(X +8X0) " =S (-1 X9 e Ty
i=0
for all £ € N and 8 € K*. The inverse operation here is, of course, understood
in the functional rather than multiplicative sense. The set

(X +8X9|3e K* LN}
generates I'y x as a topological group.

2.7. PROOF OF THE PROPOSITION. It is enough to verify (3) with F' and ~
ranging over sets of generators for the topological groups K[[X]]* and I'y k,
respectively. The generators mentioned in the preceding paragraph are the
convenient ones. So fix o, 8 € K* and k,¢ € N such that (k,p) = 1. It will be
enough to verify that
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af -1
aXkt 4 ZafeN(*l)f/Zoﬂfﬂﬁqu(kﬂ) if k€ Gy,

(8) ¥q[Mki,a,s] = .
otherwise,

where
Y4
Mp.a.8 = Myaes(X) =k "DE,(a(X + X))
9) _ WkaJFZZ <p1k— 1>OzpiﬂjXpik+j(ql_1).
, 2. j
=0 j=1

By Theorem 2.2, many terms on the right side of (9) vanish, and more precisely,
we can rewrite (9) as follows:

ik —1 P
Mois=oxte (3 (e
(10) meEOq (k) i€ENU{0},jEN J
m>pk (§,pik,ordp ¢¢ ,m)E Ay

mod XPK[[XP]].

By Theorem 2.3 as recast in the form of Proposition 2.4, along with formula
(10) and the definitions, both sides of (8) vanish unless k£ € C,. So now fix
c € C) and g € NU {0} and put

k=(c+1)¢? - 1€,
also fix f € NU {0} and put
m=q¢ (k+1)—-1=(c+1)g™ -1€C,

for the rest of the proof of the proposition. It is enough to evaluate the coefficient
of X™ in (10). By part (ii) of Theorem 2.2, there is no term in the sum on the
right side of (10) of degree m unless ¢| f, in which case there is exactly one term,

k-1 a1
(q gl -1 )QQfﬁqgl X,

q—1

namely

and by Lucas’ theorem, the binomial coefficient mod p evaluates to (—1)/*.
Therefore (8) does indeed hold. |

2.8. REMARKS. (i) By formula (10), the p-digital well-ordering actually
gives rise to a I'y g-stable complete separated filtration of the quotient
K[[X])*/K[[XP]]* distinct from the X-adically induced one. Theorem 1.2
merely describes the structure of K[[X]]*/K[[XP]]* near the top of the
“p-digital filtration”.
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(if) Computer experimentation based on formula (9) was helpful in making
the discoveries detailed in this paper. We believe that continuation of such
experiments could lead to further progress, e.g., to the discovery of a minimal
set of generators for K[[X]]* as a topological right I' x-module.

3. Proof of Theorem 2.2
LEMMA 3.1: Fix (j,k,¢,m) € A,. Put

e=ordy(m+1), f=ordyk and g=ordy(k/p’ +1).

Then there exists a unique integer r such that

r

(11) 0<r<e+{¢{—1, r=0mod{ and jzililmodpe,
and moreover

(12) f+g=e,

(13) rp(m) = rip(k).

This lemma is the key technical result of the paper.

3.2. COMPLETION OF THE PROOF OF THE THEOREM, GRANTING THE LEMMA.
Fix (j,k,¢,m) € A,. Let e, f, g,r be as defined in Lemma 3.1. Since the number
of digits in the minimal base p expansion of k cannot exceed the number of digits
in the minimal base p expansion of m, one has

(14) op(k) + f+g < dp(m) +e.
Combining (12) and (14), one has
(15) op(k) = 0p(m) = f+g=e.

Now in general one has
m+1=(ky(m)+1)p° and k+p’ = (s, (k) + 1)p/ T,

and hence

f_
(16) kp (k) = kip(m) = (j = Zﬂ 11 and e > g)

via (15). Theorem 2.2 now follows from (13), (16) and the definition of the
p-digital well-ordering. |

3.3. PROOF OF LEMMA 3.1. Since e is the number of trailing (p — 1)’s in
the minimal base p expansion of m, the lemma is trivial in the case e = 0. We
therefore assume that e > 0 for the rest of the proof.
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Let
m=[mi,...,mylp (>0, m >0, m >0)

be the minimal base p expansion of m. For convenience, put
d=0p(m) >0, m, =0 forv<l.
Then

t=e+d, mgy1=-=mgpe=p—1 and mg<p-—-1

k-1 —jpt =147
A +J -0,
J m —jpt —1

m > jp’,

By hypothesis

hence

and hence the number of digits in the minimal base p of expansion of jp¢ does
not exceed that of m. Accordingly,

t>/{
and one has a base p expansion for j of the form
J= [j1, ce 7jt—€]p7
which is not necessarily minimal. For convenience, put
jo=0, forv<lorv>t—={.
This state of affairs is summarized by the “snapshot”

m = [mla'-'amt]:[mla'-'amdapfla'-'apfl]pv Iip(m):[mla"'amd]p
e

and jp* = [j1, ... Gielp = (s Ge6,0, -, 0],
——
which the reader should keep in mind as we proceed.
We are ready now to prove the existence and uniqueness of r. One has
mfjp671 :kflfj = [mlla-"am:japfl7.jd+1a-"ap717jt71;p72]p7
where the digits m/, ..., m/, are defined by the equation

(17) kp(m) = [j1, -+ Jalp = [m1, -, mglp.
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By Lucas’ hypothesis and our theorem, the addition of kK — 1 — j and j in base
p requires no “carrying”, and hence

(18)

(M + Ji—e, ..., my + Ja—r,

k—1= ) ) ) ) )
p—1—jay1+jat1—65- s P—1=jJave—1+Jire—1—0:P—2+ Jdte—t]p-

From the system of inequalities for the last e 4+ ¢ digits of the base p expansion
of jp* implicit in (18), it follows that there exists ro € NU {0} such that

e+t
(19) it =it jae0,...,0,1,0,...,0,...,1,0,...,0,0],.
—— ———
4 4
ro blocks

Therefore = rof has the required properties (11). Uniqueness of r is clear. For
later use, note the relation

T—€e

(20) r>e [Jati1,- -5 Jdlp 0= lJa—er1,- -5 Jalp =076

which can be inferred from diagram (19).
By (11), one has

(21) E+p"—(m+1)+4p°(p* —1) =0 for some j' € NU {0},
and hence one has
(22) r > min(f,e) and f > min(r,e).

This proves (12), since either one has f > e, in which case (12) holds trivially,
or else f < e, in which case r = f by (22), and hence (12) holds by (21).

Put
1 ifr>e,

E—1=1k},... .k and 1,5, =
[k d+e]p = {0 if r <e.

Comparing (18) and (19), we see that the digits k..., k. areall (p —1)’s
with at most one exception, and the exceptional digit, if it exists, is a p — 2.
Further, one has

kyoo=-=kji.=p—-laf>eals =1
by (22). Therefore, one has

'ip(k) < [kllv SRR kii]p + 1r>e.
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Finally, via (17), (18) and (20), it follows that

kp(k) <[mi + j1s, -

. amld + jd—é]p + 17'26

:’ip(m) - [j17 cee 7jd]p + [jl*la s 7jd*l]p + 17"26
:’ip(m) - [jlffa s ajd]p + [jl*la s 7jd*l]p + 17"26
=tip(m) = [Ja—e41, -+ Jalp + Lrze

- [jl*la cee 7jd*la 07 ER) 0]17 + [jl*la cee 7jd*l]p

—
¢
:’ip(m) - lTZG(prie - 1) - (pl - 1)[].1727 s ajdfé]p
<kp(m).
Thus (13) holds and the proof of the lemma is complete. |

4. Proof of Theorem 2.3

4.1. FURTHER DIGITAL APPARATUS.

(¢), =min{n € NJn =cmod ¢ — 1} and 7,(c) =c¢/p

Note that

0<(e), <4q, =

{€)q

for all ¢, € N. Given ¢ € N, and writing (c), = [c1, ...

fe,..

) C/\} 7& {0}7 <pC>q - [625 e

(o = Tolle)y) = 1. .

Put A = ord, ¢. For each c € N, let

ord, c

(), c=c modg—1

,CAlp, note that

-5 CX, Cl]pa

5 Cmax{i\ci;ﬁO}]p Z ’ip(<c>q)-

137

LEMMA 4.2: (p'c)y <p'— 1= 7,({c)q) < (p'c)q for c € N and i € NN (0, ).

LEMMA 4.3:

A—1 A—1

I-n_iélTp“pic“‘ g) =1+ Hiig“;v((pic)q) =1+ fp(pqg(c)) forc€N.

LEMMA 4.4: i Z 0 mod A = p(uy(c) +1) — 1 € O,(c) fori,c € N.

4.5. COMPLETION OF THE PROOF OF THE THEOREM, GRANTING THE LEMMAS.
Relation (4) holds by Lemma 4.3. Relation (5) holds by Lemma 4.4. |
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4.6. PROOF OF LEMMA 4.2. Write (¢)q = [c1, - .., ¢\]p- By hypothesis

{p'c)g =10,...,0,c1,...,¢ilq, c=lc1,..,¢i,0,...,0]p,
—— ~——
A—i A—i
and hence 7,(c) < (p'c),. |

4.7. PROOF OF LEMMA 4.3. Since

pq(c) = (kp(pg(c)) + 1)p? — 1 € Oy(c),

for some g € NU {0}, one has

One has
Tp((n+1)q) = 1+ Kp((n)q)
for all n € N, as can be verified by a somewhat tedious case analysis which we

omit. Clearly, the inequalities > hold in the statement we are trying to prove.
Therefore it will be enough to prove that

A=1A-1 A-1 ‘
min min(p*(p’c +1))g 2 min7,({p’c + 1)q).
i=0 j= J=

Fixi=1,...,A—1and 7 =0,...,A— 1. It will be enough just to prove that
(23) (PP et 1))y <mp((Pet1)g) = PP+ 1)) = ({0 e+ 1))
But by the preceding lemma, under the hypothesis of (23), one has
P =1< (P (P e+1))y
and hence
P'@We+1))g =P et )g+p =127 (p" e+ 1))

Thus (23) is proved, and with it the lemma. |

4.8. PROOF OF LEMMA 4.4. We may assume without loss of generality that
0 <i < Aand ¢ = pg4(c). By the preceding lemma ¢ < ¢. Write ¢ = [c1,...,¢x]p
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and define ¢ for all k by enforcing the rule cxyx = cx. Supposing that the
desired conclusion does not hold, one has

p ety enp—1,.. o p—1,=[e1,. . enp—1,...,p—1,0,...,0],
N———— N—— N— —
[ 7 A—1i
=lc1,...,exlp+[p—1,...,p—1,0,...,0],
N — N —
[ A—1i

[c1,...,en]p—10,...,0,p—1,...,p—1],
—_—— ——
7 A—1
= [Cl-i-nu ceey C/\-l-nb]p = <pmc>q

for some integer m > 0, where all the congruences are modulo ¢—1. It is impos-

sible to have ¢; = - - - = ¢; = 0 since this would force the frequency of occurrence
of the digit 0 to differ in the digit strings c1,...,cx and ¢14m, - - -, Crtm, Which,
after all, are just cyclic permutations one of the other. Similarly we can rule
out the possibility ¢;11 = --- = ¢y = p—1. Thus the base p expansion of ¢ takes
the form
c=1[0,...,0,0,...,0.p—1,....,p—1]p,
—_— —— —
o B v

where

a<i, B3>0, y<A—¢ and a+f+7=A,
and the bullets hold the place of a digit string not beginning with a 0 and not
ending with a p — 1. Then one has
1+ kp(c) =(c+1)/p"
> (c+1—p*")/p" +1 (strict inequality!)
>1(c+1—p ) +1
=7p((p")q) + 1
Kp((P™e)g) +1

in contradiction to the preceding lemma. This contradiction finishes the
proof. |
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